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Using approximate equations of motion, an inveatigation has been 
made of the development of steady laminar radial flow of a viscous 
incompressible liquid in the gap between parallel disks. In the region 
of hydrodynamically stable flow the heat transfer problem is solved 
for a given constant heat flux at the wall. 

We shall  examine two plane disks,  1coated para l le l  
to one another  at  d is tance  h. In the cen te r  of each disk 
the re  is a hole of rad ius  r0, through which a liquid 
is admit ted  into the gap between the disks,  where  it 
flows in a rad ia l  d i r ec t ion .  Consider ing the flow be-  
tween the disks to be ax i symmet r i c ,  it m a y  be de -  
sc r ibed  by the s y s t e m  of equat ions :  
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To invest igate  the development  of  longitudinal 
veloci ty ,  we shal l  use ,  instead of this exact  sys tem,  
a s y s t e m  of approximate  equations obtained by T a r g ' s  
method [1]. We simplify the init ial  sy s t em on the 
usua l  assumpt ions  of boundary l ayer  theory ,  and then 
neglec t  the t e r m  Vz(0Vr)/(0Z) on the left of  the f i r s t  
equation, while in the t e r m  Vr(~Vr)/ (0r)  we rep lace  
V r by the average  value r0Vr0/r  over  the sect ion 
(we cons ider  that Vr0 is constant  over  the section).  
This gives  
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It  follows f rom (2) that p = f ( r ) .  To de te rmine  
f ( r )  we in tegra te  (1) with r e s p e c t  to Z f r o m  - h / 2  to 
h /2  and in se r t  the exp res s ion  for  the m a s s  flow ra te  
Q. Then 

1 Op .O2 . 2 v [  OV, 
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El iminat ing 1-L Op f rom (1), us ing (4), we ob- 
p Or 

tain for  the de terminat ion  of Vr an equation which in 
d imens ion less  t e r m s  has the fo rm 

Here 

R OR Oz ~ R 3 [ Oz }z=t 

R = r/ro; z = 2Z/h; v~ = G/Go; k = 4vro/Vro h~. 

The boundary  conditions of the problem a re  

Vrl_z=l = O; TO~ z=0= O; Vr ,~=1 = 1 .  

Int roducing the new independent var iab le  ~ = R z - 1, 
we obtain 

2 0v' = k  0~vr 1 - - k ~  ~ I (6) 
O~ Oz ~ (~+ 1) "/~ k OZ /z=x' 

v, z=t = O; ozOV--=-~ =o= O; v~ ~=o= I. (7) 

Applying a L a p l a c e - C a r s o n  t r ans fo rma t ion  to (6) and 
condit ions (7), we have 
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In tegra t ing (8) with boundary conditions (9) and de t e r -  

. .  / 0b,~ m m m g  [ ~ ,  , we obtain 

Vr = V~-Sexp S er[ VS- ch V2STkz - -  ch lf2sT-k 
V ~  sh V 2S/k ch V2STk 

or,  r e tu rn ing  to the original ,  
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where  Ym a re  roo t s  of  the equation tgTm = Ym. 
Let us examine  the behavior  of v r as R i nc r ea se s .  

If we employ an asymptot ic  evaluat ion for  the in tegra ls  
on the r igh t  s ide of (10) [2], it may  be shown that as 
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R increases  the sum appearing in (10) diminishes as 
1/R 3. Thus, the longitudinal velocity profile as R 
increases  approximates to the limiting profile 

3 ~ 1 (11) = -g (1  

It may be seen from this expression that the depend- 
ence of the limiting profile on z is the same as in the 
case of a plane gap. 

The presence of a limiting profile in the flow of 
liquid in the gap between the disks allows us to intro-  
duce the concept (analogous to flow in a plane gap or  
tube) of flow stabilized along the length and an en- 
trance section. We understand stabilized flow to be 
flow with a longitudinal velocity profile close to the 
limit, and differing from it by no more  than 1% [t]. 
Starting from this condition, the length of the entrance 
section, rt, was determined. It may be seen from 
Fig. 2 that as r 0 increases  (for given Re), the length 
of the entrance section increases  and tends to the 
value for a plane gap, while as r 0 decreases  it also 
decreases  (it should be noted that a s imilar  picture 
occurs  in plane diffusers [1]). For  k > 20 the length 
of the entrance section will be the same as for a 
plane gap. The dependence of L on Re is shown in 
Fig. 3 for several  values of the parameter  n = r0/h. 
It follows from the curves presented that L increases  
with increase of Re, while with increase of n OL/ORe 
increases .  

Since the equation of motion (1) does not contain 
t ransverse  velocity, the results  obtained give a suf- 
ficiently accurate description only of the development 
of longitudinal velocity Vr. Some idea of the behavior 
of t ransverse  velocity Vz may be obtained by sub- 
stituting the expression for Vr into the continuity 
equation (3) and determining V z from it. It is easy to 
show that the t ransverse  velocity profile obtained in 
this way will satisfy the no-sl ip condition at the walls 

(~/z [z=~/2= 0). Knowing the longitudinal velocity pro-  

fiie, it is easy to determine the friction coefficient: 

;~ 32 ( &V 'I 
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Using the expression for v r, we obtain 

Re R + ~  =, 2exp - -  k ~ (R 2 - 1 )  - -  

R~--I  

(R ~ -  O)a/=, d . 
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The problem of heat t ransfer  in the gap between 
parallel  disks is solved for the case when a constant 
heat flux is given at the surface of the disks in the 
stabilized flow region (the walls of the disks are con- 
sidered to be thermally insulated in the hydrodynamic 
entrance section). The liquid temperature  at the inlet 
t o  the gap is assumed constant. The problem is solved 
on the assumption that the physical propert ies  of the 
liquid are constant; we neglect heat flow due to heat 
conduction in the radial direction. 

Under the assumptions indicated, the equation of 
heat flow, written in dimensionless variables,  has 
the form 

3__ i t  I _z21 a_T_7 = • a~r (13) 
16 R OR Pe &2 ' 

where 

T ----- (t.--/in) 2~,/qh; Pe =: 2hv, o,.'a; 

The boundary conditions are 

u = rdh. 

aT aT 
T a = n ,  - O; ~ z = o :  ~ O; --az-z z=, == i. (14) 

Let us find the temperature profile in the stabilized 
heat t ransfer  section T o . If the temperature profile is 
fully stabilized, then 

OTo OTm 
OR OR ' 

where T m is the mean mass  temperature  of the liquid. 
From the heat balance equation, bearing in mind that 
T m is zero at the inlet to the heated section, we ob- 
tain 

4• (R 2 _ R~). 
, T m -  Pe 

The quantity AT = To - T m satisfies the equation 

O~AT ~=~3 (t__z~)" 
Oz ~ 2 

Solving this equation, and taking account of the bound- 
ary conditions (14), we obtain 

A T =  3-~-z~( l - - -~-- )+C.  
4 . 

From the determination of AT it follows that 

1 

.i'A. T(1 --z2) dz = O. 
0 

Substituting AT into this condition, we obtain C = 
= - 3 9 / 2 8 0 .  Thus, 

4x (R 2 R~)+ 3 z2( z2 ) 39 
To = - - f i e  - -  T - - K  - 280 

We seek a solution of (13) in the form 

T = w + T 0 ,  

where co satisfies the equation 

(15) 

(16) 

3 Pe I aw a2w 
16 x R ( l - - z  z) a - - ~ :  az ~ 

and the boundary conditions 

l - 3  2 z2 t 39 l ,  

awoz ~=o-- o; --~--z z=lc)w _- o. 

(17) 

(38) 
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Fig. 
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1. Location of  the coordinate  axes in the 
gap between the disks .  
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Fig. 2. Dependence of the ra t io  L /Re  at thelinlet  to the gap on the 
p a r a m e t e r  k(L = r l / 2 h  ). 
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Fig. 3. Dependence of the dimensionless en t rance  sect ion 
length L at the inlet to the gap on Re number: I) x = 150; 

2) 300; 3) plane gap, 
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Going over to the new variable ~ = R 2 - R~ in (17), 
we obtain 

3 _P_e ( l _ z 2 )  Ow 0'-~., (19) 
8 • 0 ~ c)z~ 

We put co in the form 

w := E (~) Z (z). (20) 

Z(z) s a t i s f i e s  the  e q u a t i o n  

Z " '  ~2 -v (1 --2~-)Z = 0 (21) 

and the b o u n d a r y  c o n d i t i o n s  

~=c dZ I dZ = 0 ;  - -  i = 0 .  (22) 
dz dz !~-1 

In o r d e r  to d e t e r m i n e  the  e i g e n f u n c t i o n s  Zp(Z), we 

u s e  the  m e t h o d  d e s c r i b e d  in [2]. 
We  s e e k  a so lu t ion  of (21) in s e r i e s  f o r m  

5 
E a~.%, (23) Zp 

w h e r e  x n a r e  e i g e n f u n c t i o n s  of  the a u x i l i a r y  e q u a t i o n  

x" + ~ x  ~ 0, (24) 

w h i c h  s a t i s f y  the  s a m e  b o u n d a r y  cond i t i ons ,  i . e . ,  

dx I dx 
dz Go = o., -L-z, , =  o, (2s) 

w h e r e  x n = c o s  anZ;  a n  a r e  r o o t s  of the  equa t i on  
s in  a n =  0; n -  1 ,2  . . . .  ; a n =  ~n; n = 1 ,2  . . . . .  

I f  n = 0, and t h e r e f o r e  x0 = 1, then  (23) m a y  be  

c o n v e n i e n t l y  w r i t t e n  in the f o r m  

c~ 

Z, =: ~.~V ale ) ~,,- + oI/,) . (26) 

t ~ l  

An e i g e n f u n c t i o n  Zp c o r r e s p o n d s  to e a c h  e i g e n v a l u e  
2 kp. 

Le t  us  f i r s t  e x a m i n e  the  c a s e  X~ = 0. In th i s  c a s e  
the  so lu t ion  of  (21), s a t i s f y i n g  b o u n d a r y  cond i t i ons  
(22), t a k e s  the  f o r m  z 0 = cons t .  S ince  the  e i g e n f u n c -  
t i ons  a r e  d e t e r m i n e d  to wi th in  a c o n s t a n t  m u l t i p l i e r ,  
we  m a y  c o n s i d e r ,  w i thou t  l o s s  of  g e n e r a l i t y ,  tha t  
z 0 = 1. We s h a l l  now find Zp.  We m u l t i p l y  (21) by 
x n and i n t e g r a t e  wi th  r e s p e c t  to z f r o m  0 to 1, and 

find tha t  two c a s e s  a r e  p o s s i b l e :  

f i r s t  

x 0 =  1, a~, " ) : : 3 ~ ' a ! , ' / , (  - I) ,.~-n ; (27) 

m-:  1 

tt = O, 

second 

tt ~ 1, 2 ,  . . . .  .v a : COS~XtiZ, 

~ 2x~  ~_~ a},~ ~ ( - -  1) .... . .  OP" + m ~) = O. ( 2  ~)  
.~ (1z~ - -  m2) '-' 

. i ,  n 

23 

Thus, to determine the eigenvalues X~ we have a 
system of n equations, of which the first is (27), and 

the remainder have the form of (28). The number of 
such systems is p, which corresponds to the number 

of eigenvalues which we are seeking. 
Substituting (27) into (28), we obtain the system 

- [+ II 
t 2 4a" n" 

~'~ Le~"-  ;n'-'} ~ 
m ! 

, 3 ] O, n := 1, 2, . . . .  ( 2 9 )  
.~2  _ /72 . _  f t t~  J 

Le t  us  d e s i g n a t e  [(X~, n) = --,~'-' n'-'/2 - .  i,~ [1/3 - -  l,'4a-On'21 

and put a~ ~)=1. In the  c a s e  n = p  (29) has  the f o r m  

oo 

f(~,,, p)-- 2x,~,~ 4 f ) (  - ly,~,,, I., , .  
t n  1 

1 1 2 2 - I - H l 2  3 ]  
X (n~-m~)  ~ + a 2,'?m ~ ~ 0 ,  (30) 

and in the case n ~ p 

(n -~ - -  m S ~  

m t l  p 

q - -  

:'ff (n"- --  p2)2 a2 n'ZpZ 

In (31) the  s u m  is  of  o r d e r  1 /n  ~, w h i l e f ( X p ,  n) ~ 
~ n2, and t h e r e f o r e  in the  f i r s t  a p p r o x i m a t i o n  we 

n e g l e c t  the t e r m  wi th  the s u m  and ob ta in  

1 [ tP -I- P~ § 

3]  
4 2 112t) 2 

u =  1. 2, . . . ;  n ,<-p. (32) 

In the first approximation X~ is found as a root of 

the equationf(Xp, p) = 0, ioe., 

' p2 2 J l ] x;, = ~ - ~ -  - G ~ } ; ~ -  ; I, == 1, 2 . . . .  ( 3 3 )  

To i m p r o v e  on the e i g e n v a l u e s  k~ f r o m  (33), we  
s u b s t i t u t e  into (32) and find ~aOn~ wh ich  we  i n s e r t  a ]j t 

in turn under the summation sign in (31) to find a 
more accurate value (al.l~ We further substitute n HI" 
(-(p)~ u n d e r  the s u m m a t i o n  s ign  in (30) to f ind new,  
~r~ 111 

m o r e  a c c u r a t e  v a i u e s  of  X~, The  p r o c e s s  c o n t i n u e s  

un t i l  the  r e q u i s i t e  a c c u r a c y  is  ob ta ined .  

A f t e r  the  e i g e n v a l u e s  X~ a r e  found, the e i g e n -  
func t ions  Zp a r e  found in s e r i e s  f o r m  (26). 
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Let us  f ind the  funct ions  Ep(~), which s a t i s fy  the 
equat ion  

dEp ~ 8 u Ep; E p ~ e X p (  8 ~ ) 

to within a constant multiplier. 

Nu I 

6.3 

8.235 
0 o.ol 0.o2 ~ $  x 

Fig .  4. Dependence  of Nu = (4) / (T s - Tm) 
on x = (r  - r l ) / ( 2 h ) ( P e ) - l :  1) p lane  gap; 
2) Pe  = 500, x = 300; 3} Pe  = 500, x = 150; 

4) Pe =1000,  x 150. 

Thus ,  

p=O 
ov 

w h e r e  Cp a r e  cons tan t s  which a r e  found f rom the 
condi t ion  at  the in le t  to the hea ted  sec t ion:  

co = o; (35) 

2 ( 17 +__.~3 45 ) 
= • 

X a~  ) 3 4 n  2 n ~ 
(36} 

- - 4  ~ ( "  1) "+" n=Fm= -(v)-(P) 2 2| - I  
" " '  - T  a~ " 

n , r t l~  I 

The f inal  e x p r e s s i o n  for  the l iquid t e m p e r a t u r e  
has  the fo rm 

4 8 280 + 
ao 

Cpexp 3 Pe ~,olR ~ - R i ]  a ~ c o s ~ n z + a o  . 

Let  us  d e t e r m i n e  the law of v a r i a t i o n  of loca l  
Nu n u m b e r  with r a d i u s  

1 I 

Nu = 4 (TI~=, - -  Tin); r m = 'TV,.dz/t'V,dz. 

Using the e x p r e s s i o n  for  T, we obta in  

8 • , 2 ' = 26lR --Rfl X Nu 4 17/35 i - .  ,Cpexp 3 Pc 
p =  I 

" ~ ) } - - 1  

As R i n c r e a s e s ,  Nu - *  8.235. Thus,  the s t a b i l i z e d  
value  of Nu number  fo r  the flow of an i n c o m p r e s s i b l e  
l iquid in the gap be tween  the d i sk s ,  under  cons tan t  
hea t  flux, co inc ides  with the s t a b i l i z e d  va lue  of Nu 
for  a p lane  gap  with q = cons t .  

The va lues  found for  the f i r s t  e igenva lues  were :  
k~ = 15. 18289 (fourth approximat ion}  and k~ = 
= 65.35358 (seventh a p p r o x i m a t i o n } . .  

The c o r r e s p o n d i n g  coef f i c ien t s  a(n p) and Cp a r e  

aCo ~)= -0 .293733;  a~02) = 0.214582; al l) = +1; al ~) = - 
-0 .496348;  a~ ~ = 0.12981088; a~ '-~ = 1; a~ ~1= - 0 . 0 0 9 2 -  
56616; a~ 2~= 0.35723 a~ 1) = 0.0028332; a~ ~1= - 0 . 0 0 7 8 -  
2605; a~)= 0.005513; C 1 = 0.20795; C 2 = -0 .0323171.  

F i g u r e  4 shows the v a r i a t i o n  of Nu along the r a d i u s  
of the gap for  v a r i o u s  va lues  of Pe  and ~ .  I t  m a y  be 
seen  f rom the c u r v e s  p r e s e n t e d  that  with i n c r e a s e  of 

the  hea t  t r a n s f e r  in the gap between the d i s k s  ap-  
p r o x i m a t e s  to that  in a plane gap.  

I t  fol lows f rom the r e s u l t s  obta ined that  the h y d r o -  
d y n a m i c s  and hea t  t r a n s f e r  of the flow in the gap b e -  
tween the d i sks  has  much in common  with the plane 
gap  c a s e .  As r0 i n c r e a s e s ,  the r e s u l t s  obta ined  go 
ove r  to the analogous  r e s u l t s  for  a plane gap .  This  is  
e a s i l y  c o n f i r m e d  by making  the l imi t ing  t r a n s i t i o n  
when r 0 --- ~ ,  r --- ~,  r / r  0 = 1 at  a f ixed value  of r - 

- r 0 .  

NOTATION 

r ,  Z - - c o o o r d i n a t e s  in r a d i a l  and ax ia l  d i r e c t i o n s ;  
r 0 - - r a d i u s  of c e n t r a l  hole;  r i - - b o u n d a r y  of h y d r o -  
dynamic  en t r ance  sec t ion;  h - -gap  width; Vr,  Vz- -  
ve loc i ty  of l iquid in r a d i a l  and ax ia l  d i r e c t i o n s ;  Vr0 
ve loc i ty  of l iquid at  in le t  to gap; p - - p r e s s u r e ;  t - - t e m -  
p e r a t u r e ;  t i n - - l i qu id  t e m p e r a t u r e  at  gap  inlet ;  q - - h e a t  
flux; p - -dens i ty ;  v - -k inema t i c  v i s cos i t y ;  a - - t h e r m a l  
d i f fus iv i ty ;  S - - L a p l a c e - C a r s o n  t r a n s f o r m  p a r a m e t e r ;  
L - - d i m e n s i o n l e s s  length of en t r ance  sec t ion ,  L = 
= r l / 2 h .  
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